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ABSTRACT
The Baer invariants I',(G) of a group are central extensions of the elements
v,(G) of the lower central series. We show that the inclusions vy, ; C v, can be
lifted to functor morphisms I',,; — I, and a canonical Lie algebra, analogous to
Lazard’s Lie algebra, can be constructed which is explicitly computable. This is
applied in various ways.

The lower central series of a group is defined by v,(G) = G and v,,,,(G) =
[v,(G),G] where the square brackets denote the commutator. It is a descending
filtration of G and the associated graded object, @ =17, (G)/¥,41(G), is a Lie
algebra, as is well known [7]. The Lie structure comes from the commutator op-
eration in G.

In 1945, Baer [1] described an infinite family of ‘invariants’ of the group G.
Starting from a free presentation of G, i.e. an exact sequence

1-R-F->G-1

in which F is a free group, Baer showed that v, (F)/[R,(n — 1)F] and (R N
va(F))/[R,(n — 1)F] (n = 1) are invariants of G. Here [4,mB] denotes A4 if
m=0and [[4,(m—1)B] ,B] if m > 0. Baer’s paper was his (remarkable!) devel-
opment of Hopf’s discovery, in 1942, that RN [F, F]/[R, F] is an invariant of G.
(Nowadays, this is “Hopf’s formula” RN [E F1/(R,F) = Hy,(G,Z).)

Some years ago, [ discovered an infinite sequence of functors, T',,(G), which I
thought of as generalizations of the concept of ‘universal central extension’ of a
perfect group. Each I',(G) is a canonical central extension of v, (G) and if G is
perfect, all these extensions are equal to the universal central extension. Only later
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did I learn of Baer’s old paper and realize that my ‘functors’ were Baer’s ‘invari-
ants’. (I learnt this from Beno Eckmann who, in turn, knew of Baer’s paper from
Hopf himself.) However, I pursued my approach, and found that there are some
things that Baer missed (or could not be expected to get working, as he did, in pre-
Lazard times). The main point of this paper is the existence, for each m = n,
of a natural morphism I',, —» ', (which is a ‘lift’ of the inclusion v, < v,,) afford-
ing a canonical filtration of I, (G) such that the associated graded object is an
explicitly calculable Lie algebra. This Lie algebra comes with a natural surjection
onto the Lazard Lie algebra. If G is a nilpotent group then the canonical filtration
of I, (G) is finite; since the successive quotients are quotients of things known
to us we get estimates for the order of I',(G) when G is finite nilpotent and for
the rank of I',,(G) when G is nilpotent but not finite. When n = 2 the exact
sequence

0- H;(G,Z) > T2(G) = 7v2(G) ~ |

leads to estimates for H,(G,Z) which seem quite different from the existing esti-
mates. The point here is that our filtration of I's, and hence of H,, does not come
from a choice of subgroup (as in the ‘homologicai’ approach) but from the images
in I'; of the higher functors I';,I', ... and the results are, accordingly, of a new
nature (see §10).

Our definition of T, is as follows. We define n-central extensions and projective
n-central extensions. Using the commutator calculus, we show that if U - G is a
projective n-central extension then «v,(U} is functorial in G. Then I',(G) =
v.(U). It is a canonical central extension of v,(G). If one uses a free n-central
extension, one gets Baer’s formula for I, (G). This already shows that the torsion
of the kernel of a free n-central extension is an abelian group which is an invari-
ant of G (see §5). This simple proof should be compared with the proof in [11] of
the invariance of the torsion in the free central case. In §6 is proved the finiteness
of I',(G) when G is finite. It is shown to follow from Schur’s original result that
G’ is finite if G has a central subgroup of finite index. In §7 the canonical filtra-
tion is introduced and its finiteness in the nilpotent case and its triviality in the per-
fect case are proved. The Lie structure on the associated graded group gr I'(G) is
introduced in §8 and the main theorem, which is a formula for gr I'(G), is proved
in §9. The result is that gr I'(G) is the ‘free’ Lie algebra on the abelianization
of G. Finally, §10 gives the application of this theorem to estimates of order and
rank of I, (G). These estimates seem to raise interesting questions on the orders
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of the homogeneous components of the free Lie algebra (over Z) modulo relations
which render its first component finite.

In this paper I use a slightly different indexing system than the usual. The def-
inition of n-central extension is such that a 1-central extension is an isomorphism
while old fashioned central extensions are ‘2-central’. Similarly, the higher centers
are defined by Z,(G) = {1}, Z,.,(G)/Z,(G) = Z(G/Z,,(G)), where Z( )
denotes ‘center’. My reasons for doing this are twofold. The first is that this is the
correct indexing relative to the weight of commutators; for example, an extension
is n-central (in this indexing) iff certain weight » commutators are trivial. The sec-
ond reason is that this indexing gives the ‘correct’ graded structure for the Lie al-
gebra gr I'(G). By ‘correct grading’ [ mean that the Lie algebra starts at degree 1,
i.e., vanishes in degrees < 0 and is generated by the elements of degree 1. This is
very convenient.

The referee has brought to my attention the works [3], [8] and [10], which treat
the more general, varietal, definition of the Baer invariants and also give applica-
tions of these generalized invariants to isologism theory. These works have an over-
lap with sections 1-4, 6 and the part of section 7 dealing with perfect groups of this
paper. But it should be added that these works do not treat the canonical filtra-
tion and its associated Lie algebra.

1. Higher central extensions

A central extension of a group G is a homomorphism onto G whose kernel is
central. In our somewhat unorthodox numbering, such extensions are called 2-cen-
tral, a 1-central extension being simply an isomorphism. The reasons for this num-
bering are given in the introduction.

(1.1) DERINITION.  An n-central extension (# = 2) is a surjective homomorphism
X — G whose kernel contains a subgroup A which is central in X such that the in-
duced map X/A - G is an (n — 1)-central extension. In other words, an n-central
extension is one whose kernel is contained in the n-th center of X.

Thus, if 7 = m, an m-central extension is also n-central. An extension is strictly
n-central if it is # and not (n — 1)-central.

Clearly, an n-central extension of the trivial group is a nilpotent group of nil-
potence class < n. Thus higher central extensions can be thought of as a ‘relativi-
zation’ of nilpotent groups.

It is clear how to define morphisms between n-central extensions: these are just
commutative diagrams
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X—=G
gl l S
Y—> H
of homomorphisms where X — G and Y — H are n-central extensions. The map
g is also called a /ift of f. Note that, given f, it may have no lift and, even when
a lift does exist, it may not be unique.
We shall denote by [ay,...,a,] the higher commutator [[a,,...,a, 11,4,].

Similarly [A4,,...,A4,], where A,,...,A, are normal subgroups, is defined. The
notation [A,mB] is explained above.

(1.2) LeMMA. Let ¢: X — G be a group extension with kernel N. Then it is
n-central iff the higher commutator subgroup [N,(n — 1) X] is trivial. In partic-
ular, N is nilpotent in this case.

Proor. For n = 1,2 this is trivial. In general we use induction. Let 4 be a cen-
tral subgroup, contained in N, such that the associated map X/4 - G is (n — 1)-
central. Denoting X/A4 by X, N/4 by N, etc., we know by the inductive assumption
(now n > 2) that [N, (n — 2)X] = 1, which implies that[N,(n — 2)X] € A. This
means that

[N,(n - DX] =[IN,(n —2)X],X] € [4,X] = {1}.

Conversely, if [N,(n — 1)X] = {1} then A = [N,(n — 2).X] is central in X and
[N,(n —2)X] = 1, where the bar denotes ‘modulo 4’ again. So $: X — G is an
(n — 1)-central extension by the inductive assumption. [ |

(1.3) CorOLLARY. Let X — G be an extension with kernel N. Then the associ-
ated extension X/[N,(n — )X | — G is n-central.

The corollary will be used primarily when X is a free group.

2. Commutator calculus

We shall use the ‘Jacobi-Hall’ identity in its following simple form: if A, B, C are
normal subgroups of a group then

[[4,B].C] < [[A,C],B]-[A,[B,C]].
Instead of [[A,B],C] we can write [4, B, C] as mentioned before.

(2.1) LemMa. Let G be a group and H a normal subgroup. Then, for every
n=0mz=1\, [[H,nGl,y.(G)] € [H,(n+ m)G). In particular, [H,v,(G)] S
[H,nG).
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Proor. Induction on m. If m = 1, this is true for every » by definition. Assum-
ing the result for a given m (and every n), it follows for m + 1 (and every n) by
Jacobi:

[{H’nG]”YWH-l(G)] = [[HanG]3[7m(G)sG]]
< [[(H,nG],ym(G)],G] - [ym(G),[[H,nG],G]]
c [H,(n+m+ 1DHG]. a

This lemma implies a more general result. To state it, let us define a weight m
higher commutator in x,,...,x, to be some x;, if m = 1, and [u, v] where u, v are
commutators (in the same letters) of lesser weight and of weight sum m, if m > 1.

(2.2) ProrpositioNn {(G,H as above). FEuvery commutator of weight n in
X1, ... X, for which some x; € H is in [H,(n — 1)G].

Proor. If n =1, this is clear. If n > 1 and the commutator is [«,v], and x;
appears in u, say, then by the inductive hypothesis u € [H,(r — I)G] and v €
Yn—r(G) for some r satisfying 1 < r < n. The lemma now gives [[H,(r — 1)G],
Yn-(G)] € [H,(n — 1)G]. ]

(2.3) CorOLLARY. Let X — G be an extension with kernel N. Then it is n-central
iff every weight n commutator inx,, . .. ,x, € X, of which at least one x; € N, is 1.

Proor. This follows directly from (2.2) and (1.2). [ |

This is the first reason for my calling an extension n-central, as I did in (1.1).
Another motivation for this unconventional numeration is mentioned in the
introduction.

The following is a key technical result.

(2.4) THEOREM. Let ¢ : X — G be an n-central extension; then, for every n ele-
ments xi, . ..,x, of X, the commutator of weight n [x,, . ..,x,] only depends on
¢(Xl)’ e 1§D(Xn)'

In other words, if ay,...,a, € ker(y) then [a,x,...,a,x,] = [x;,...,x,].

PrROOF. Let A € ker(y) be a central subgroup such that the extension @: X =
X/A— G is (n — 1)-central. By induction we know that [%,...,%,_,] € X depends
only on ¢(X;) = ¢(x;) € G (i=1,...,n — 1) so that [a,x,,...,a,—1X,_1] =
b-[xy,...,X,_1] where b € A is a certain function of a,, .. .,a,_;. As b is central,
[b:[x1,. ... %1),80%,] = [[X1,...,%,_1],a,%,] and it only remains to show
that [[xy,...,Xn—1],@nXn] = [[X1s. s Xn1]5 %] -
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We will use the identity

(*) [x,0z] = [x%y]-[»ix2]] [xz2],

which is easily checked. In this identity let x = [x1,...,X,—1], ¥ = @y, T = Xp.
Then by (2.1) and (1.2), [[xy,...,%:_11,a,] = 1 and also [a,,[x),...,x,]] = 1.
So we see that [[x;,...,X,_;],a,%,] = [x1,...,X,], as required. n

A reformulation of (2.4) which is free of ‘n-central extensions’ is this: if X is a
group and xi, . ..,x, € X then the higher commutator [x,...,x,] only depends
on the classes of the x;’s in X/Z,(X).

The following two corollaries of (2.4) will be important.

(2.5) ProrosiTiON. Let X - G, Y - H be n-central extensions, f:G - H
a homomorphism. If g,,g,: X — Y are liftings of f then v,(g,) = v,(£2).

In other words, for every xy,...,x, € X,

g1 (x1), ... 81(x)] = [g20x1), ... ,82(x,)].

Proor. This follows directly from {2.4) because, for every x € X, g,(x) and
2-(x) differ by an element of ker(Y — H). |

(2.6) PropPOSITION.  Let f: G — H be a surjective group homomorphism, X - G
and Y — H n-central extensions and g : X — Y a lifting of f. Then v,(g) : y,(X) —
Y (Y) is onto.

Proor. Since commutators of the type {y,...,¥,] generate y,(Y), it would
suffice to show that they are in the image of v,(g). The commutativity of the
diagram

X—-> G
gl l S
Y>> H

and the surjectivity of f imply that for each i = 1,.. ., n there is u; € X whose im-
age in H is the same as that of y;. By (2.4)

[y]!""yn] = [g(ul),”'vg(un)] :g([ula""un]) Eg('Y,,(X)) u

3. Projective extensions

(3.1) DEFINITION.  An n-central extension ¢ : U — G is projective if for every
n-central extension ¢ : ¥V — H and homomorphism f: G — H thereis alift g: U— V,
i.e. such that y o g = fo .
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Given a group G, let w: F— G be an epimorphism with F a free group. If R =
ker () then the extension 7 : F/[R,(n — 1)F] — G is n-central by (1.3). Such ex-
tensions will be called free. Obviously, every group has many free n-central
extensions.

(3.2) LEmMA. Free extensions are projective.

ProoF. Let f: G — H be a homomorphism and V' — H an n-central extension.
We need to construct a map g: F/[R,(n — 1)F] - Vlifting f. As Fis free, a map
h:F— V lifting f exists. So A(R) € ker(V — H) and it follows from (1.2) that
h([R,(n—1)F]) = 1. Thus h gives rise to amap h = g: F/[R,(n — 1)F] - V, satis-
fying our requirements. »

There is another definition of ‘freeness’ which rests on the concept of a free ba-
sis: in this definition, an n-central extension X — G is free on a basis x;, ..., X, if
for every n-central extension Y — H, homomorphism f: G — H and elements
Yis - - -»Ym € Y, such that y; and x; have the same image in H for every i, there is a
unique lifting g: X — Y satisfying g(x;) = y,,...,2(x,n) = V.. It is not hard to
show that the two definitions of freeness are the same, and we leave this to the
reader.

From the existence of projective extensions we have

(3.3) LemMA. Let ¢: U— G be an n-central extension. Then it is projective iff
for every n-central extension \: V — G there exists a morphism 7: U~ V such that
¢ =y o7 (i.e., alifting of idg).

Proor. The ‘only if’ part is trivial. Conversely, we must exhibit for every
f:G — H and n-central extension Y > Halift g: U— Y for f. Let W— G be a

projective n-central extension. Then 7: U — W lifting id; exists by assumption
and p: W - Y lifting f exists by projectiveness. Then p o 7 is a lift of f. |

(3.4) Examples of non-free projective extensions. The examples that follow
seem quite ‘artificial,” and it would be interesting to construct more natural ones.
They are based on the fact, proved below in §5, that the torsion part of the ker-
nel of a free n-central extension is an invariant of the group and is, in ract, com-
mutative. If U — G is a free n-central extension and P is a nilpotent group of
nilpotence class < #, then it is easy to see that the extension U X P — G (where
1 X P goes to 1) is n-central and projective. Clearly, P can be so chosen that
torsion (ker (U — G)) is not isomorphic to torsion(ker(U X P — G)). This gives
the desired examples.

Let 1 » R > F—> G — 1 be a free presentation of G. If m < n, then
[R,(n— 1)F] € [R,(m — 1)F] and there is a commutative diagram
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F/|R - DF
/[ ’(n ) ] \
! G.
: s

F/[R,(m ~ 1)F]
If we denote F/[R,(n — 1)F] by U and R/[R,(n — 1)F] by N, it is clear that
U/[N,(m = 1)U] = F/[R,(m - 1)F]. This property of free extensions is shared
by projective extensions.

(3.5) LEMMA. Let ¢ : U— G be a projective n-central extension with kernel N.
Then, for m < n, g: U/[N,(m — 1)U] - G is a projective m-central extension.

Proor. Let us denote U/[N,(m — 1)U] by V. We must prove that if X - H
is an m-central extension and f: G — H a homomorphism that there exists g: V' —
X lifting f. Thinking of X — H as an n-central extension (which it is because n =
m), there is a map A : U — X lifting f. So A maps N into ker(X— H) = L. By (1.2)
[L,(m —1)X] = {1}, so it follows that A([ N, (m — 1)U]) = {1} and A defines a
map 4 = g: U/[N,(m — 1)U] = V - X which lifts f, as required. n

4. The functors I,

In homological algebra, the standard procedure to define derived functors of the
functor & is this. Given an object M (in an abelian category with enough projec-
tives) take a projective resolution of it ---— Py > Py > M —> 0, apply ® to get a
complex - .- — ®(P)) - $(P;) — 0 and compute the homology of this complex.
We do something simpler.

(4.1) DeriNITION. Let U — (G be a projective n-central extension. We define
T, (G) to be v, (U). If f: G— H is a homomorphism, we define I', () as follows.
Let ¥ — H be a projective n-central extension, and f: U — V be a lift of f. Then
I.(f)is 'y,,(f), i.e., it is f considered as a map from v,(U) to Ya(V).

Proor THAT I', 1s A FUNCTOR. We have to exhibit, given any two ways to com-
pute I',(G), a unique isomorphism between them so that, for any three ways to
compute I', (G), the composition of any two of these isomorphisms would equal
the third. So let ¢: U— G and ¢ : W — G be two projective n-central extensions and
h:U— W such that y o h = . From (2.4) it follows that v, (&) : v, (U) = v, (W)
is unique, i.e. is independent of 4. This implies that v, (%) is the unique isomor-
phism required since if &’ : W— Ulis such that oo h’ = theny,(hoh’) =y,(h)°
v, (k") must be the identity of v,(W), being the (unique!) restriction to v, (W) of
the lift to W of idg. Similarly, vy, (4’ * h) =id, (y.



Vol. 73, 1991 LOWER CENTRAL SERIES 265

The proof that I', of a morphism is well defined and satisfies I',(1) = 1 and
I.(feg)=T,(f)T,(g)is similar and as easy, and is left to the reader. [ ]

If ¢: U - G is a projective n-central extension, then clearly ¢ maps v, (U) onto
va(G), s0 v,(U) is an extension of v,(G). If N = ker(¢) then ker('y,,(<p)) =
NN v, (U). But, by (1.2), [N,v,(U)] = 1, implying that N N v, (U) is central in
v.(U). Now if ¥ : W — G is another projective n-central extension and f: U - W
lifts idg;, then clearly v, (¥) ° v,(f) = v,(¢). This proves

(4.2) ProposiTioN.  T,(G) is a canonical central extension of v,(G), i.e., there
is a morphism of functors T, - v, which makes T',(G) - v,(G) a central
extension.

In order to see more concretely what T, is, we look at free extensions. Let
m: F— G be a surjection, with F free, and R = ker(x). Let F/[R,(n ~ 1)F] -G
be the associated n-central extension, then

4.3) I,(G) = v.(F/[R,(n — )F]) =v,(F)/[R,(n — D)F].

As mentioned in the introduction, the invariance of these groups was first shown
by Baer [1], who considered them as invariants of presentations.

(4.4) ExampLEs. (1) Suppose G is a free group. Then the identity is an n-cen-
tral extension for every n, so I',(G) = v,(G) in this case. Note that if we compute
I',(G) with other free presentations then the isomorphism T',(G) > v,(G) be-
comes less obvious!

(2) Suppose G is a free abelian group, say G = Z™. Let F be a free group of
rank m and 7 : F' — G a surjection mapping a basis of F to a basis of G, so that
R =ker(w)is [FF). Thus [R,(n— 1)F] =y, (F) and T, (G) = v,(F)/Yp+1 (F).
Note that these are the components of the Lie algebra associated with the lower
central series of F.

(3) Although we shall see below the precise structure of I',(G) when G is a
finite abelian group, we now show some properties of it using simple commuta-
tor identities. Say G is a product of r cyclic groups of order m;,...,m,. Let Fbe
a free group on r generators xi,...,x, and 7 : F— G the map sending these gen-
erators to the respective generators of the cyclic groups. Then R = ker(r) contains
the commutator subgroup [F F] so that v,(F)/[R,(n — 1)F] is a quotient of
the abelian group v,(F)/y,+(F). If a € v,_,(F) then, by (2.1), [a,x/"] €
[R,(n — 1)F]. As F/[R,(n — 1)F] is a quotient of F/y,;(F), it is nilpotent
of class = n and commutators of weight » in it are central. It follows that in
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F/[R,(n — 1)F], the commutator [4,%;] is central and hence it commutes with @
and X;. Now we use a well-known commutator identity (see [14], p. 92):

[x,y™] = [x,y1™  if [x,y] commutes with x and y.

But, in v,(F)/[R,(n — )F] C F/[R,(n — D)F], [a,%"] =150 [a,%]™ =1 and
we see that the abelian group v,(F)/[R,(n — 1)F] =T,(G) is a torsion group
and, in fact, an exponent of G is an exponent for it.

5. Application: Invariance of the torsion of the kernel of a free extension

In [11], I proved that the torsion of the kernel of a free central extension is an
invariant of the group. The idea was to show that changing a presentation by an
‘elementary Tietze move’ does not change this group. However, it seems to be dif-
ficult to analyze the effect of a Tietze move on a free n-central extension for n >
2, so that the proof of [11] does not generalize to give the invariance of the tor-
sion of the kernel of a free n-central extension for n» > 2. Thus it comes as a pleas-
ant bonus to find that, in fact, this group (it is a group, since the kernel of an
n-central extension is nilpotent; see (1.2)) is the torsion part of ker(I', = v,).

(5.1) THEOREM. Let F/[R,(n ~ 1)F| > G be a free n-central extension. Then
the torsion of its kernel is equal to the torsion of (RN y,(F))/[R,(n — )F] and
is therefore central in v,(F)/[R,(n — 1)F] and equal to torsion(ker(T',(G) —
v.(G))) (@ manifest invariant).

We denote the group torsion {R/[R,(n — 1)F]) by 7,(G).

PrOOF. Let x € R be such that its class ¥ € R/[R, (n — 1)F] is of finite order,
say X™ = 1 so that x™ € [R,(n — 1)F]. In particular, x” € v,(F). But as
F/v,(F) is torsion free, x € v, (F). So x € RN v,(F) and X € R N v,(F)/
[R,(n — 1)F] = ker(T',(G) - v,(G)), and it is shown in (4.2) that T,,(G) —
v.(G) is a central extension. |

Because it is important, and for later applications, we single out the case n = 2.

(5.2) CorROLLARY. 7,(G) = 1:orsion(H2(G,Z)). In particular, if G is finite,
72(G) = H,(G,Z).

Proor. Let F/[R,F] — G be a free central extension. Then 7,(G) =
torsion(R/{ R, F]) equals, by (5.1), torsion(R N [F,F]/[R,F]). But RN [EF]/
[R,F] is H,(G,Z) by ‘Hopf’s formula’. |
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What is the nature of the higher torsion functors 7, {n = 3)? Are they also con-
nected with the homology of G? This seems an interesting problem. Even without
an explicit formula for 7, in homological terms, the following would be useful. If
G is a finite group, G, a p-Sylow subgroup of it, then it is shown below (see
(10.3)) that 7,(G,) is p-primary. So the inclusion G, C G induces 7,(G,) —
7,(G)(p) where A(p) = {a € A :a of order a power of p}. Is this map surjective,
as in homology? This would follow if the functor 7, had a transfer map (which it
does for n = 2, by virtue of (5.2)).

6. Finiteness

In 1952, Baer proved [2] that if the n-th center of a group X has finite index in
X then v, (X) is finite. This generalized Schur’s result, which is the case n = 2.
(Recall that, for us, Z, = {1}, Z,, | (X)/Z,(X) = Z(X/Z,(X)).) The machinery
of the present paper applies to Baer’s situation as follows. Denote X/Z,(X) = G.
Then X is an n-central extension of G. Let U — G be a projective n-central exten-
sion of G. There is a morphism f: U — X lifting idg and this morphism maps
v, (U) =T,(G) onto v,(X) by (2.6). Thus the following lemma is a rephrasing of
a special case of (2.6).

(6.1) LemMA. If X — G is an n-central extension of G then v,(X) is a quotient
of T, (G). n

Baer’s theorem follows now from
(6.2) THEOREM. If G is a finite group then T, (G) is finite.

But (6.2) gives more, in fact. Combined with (6.1), it shows that |T,(G)| is
both the maximum and the least common multiple of the numbers |v,(X)| as X
runs on the set of n-central extensions of the given group G. This underscores the
importance of having good estimates for the orders of the groups I',(G). Very
good estimates are given in §10 for nilpotent groups and a positive answer to the
question at the end of §5 (is 7,(G,) — 7,(G)(p) onto?) would give the correct es-
timate for |I',(G)| in general.

To prove (6.2), we will need three auxiliary results. Essentially, these will reduce
the proof to Schur’s original theorem.

(6.3) LEMMa. Let B be a torsion free abelian group, A a subgroup of finite in-
.dex. Then an automorphism of B fixing A elementwise is the identity.
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Proor. The automorphism extends to Q ®z B = Bg and is the identity on
Agq. But Ag = Bg. As B C Bg the automorphism is, necessarily, the identity. ®

(6.4) LEMMA. Let G be a finitely generated group, H a normal subgroup which
is normally finitely generated. Then [ G, H] is normally finitely generated.

Proor. [G, H] is the smallest normal subgroup such that division by it ‘makes
H central’. But if x,,...,x, generate H normally and y,, ...,y generate G, let L
be the normal subgroup generated by {[xi,yj] l=<si<srnl=<js< s]. Then L <
[G,H] and, in G/L, X; are central so that H/L is central in G/L. It follows that
L = [G,H], so [G, H] is finitely generated normally by {[xi,yj]]. n

(6.5) ProPOSITION.  Suppose A, B are normal subgroups of a group G, A € B and
(B:A) < oo, If Bis finitely generated modulo [ A, G) then ([B,G] : [A,G]) < oo,

For example, if A (and thus B) is normally finitely generated then B is finitely
generated modulo [A4,B], i.e., B/[ A, G] is finitely generated.

Proor. Dividing out [A, G}, it remains to show that [ B, G] is finite if 4 is cen-
tral (Schur’s theorem is the case B = G). By Schur, [B, B] is finite, so it suffices
to show that [B, G] is finite modulo [B, B]. Thus we can assume that B is abelian
(and finitely generated). The torsion of B, say 7, is now finite and normal in G,
so it would suffice to show that [ B, G] is finite modulo T. Thus we can assume that
B is also torsion free. We will show that these assumptions make B central, 1.e.,
[B,G] = 1: if x € G then conjugation by it fixes A4 as A is central so, by (6.3), it
is the identity on B, i.e., B is central in G. [ ]

(6.6) ProoF OF (6.2). Let ¢: U— G be a projective n-central extension with U
finitely generated, and let N = ker(¢). As (U: N) < o, N is finitely generated and,
by (6.4), [N, kU] is normally finitely generated for every k. Applying (6.5) (n — 1)
times, we see that (v,(U) : [N,(n — 1) U]) < o. But, by (1.2), [N,(n = ) U] = 1!

[ ]

7. The canonical filtration of T,

(7.1) If ¢: U— G is an n-central extension, xi,...,x, € G and ¢(y;) = x; for
i =1,...,n then, by (2.4), the commutator [u;,...,u,] depends only on
Xi,...,X,. We denote it by

cu(Xyy. s Xy).
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If V — H is another n-central extension, f: G — H a homomorphism and f: U -
V a lifting of f then it is easily seen that the function ¢, has the following func-
torial behaviour:

Feu(xrs .o x0) = e (f(x1)s - - oo f(Xa))

In particular, if U — G is a projective n-central extension then ¢y (xy,...,X,) €
I',(G) defines a canonical element of I',,(G). We denote it c(xy,...,X,).

What are the properties of this function? As seen in (4.4), c(x;,...,X,) is, in
some cases, simply the commutator [x,,...,x,], which is a pretty complicated
function. We know that in order to simplify the higher commutator, for example
to ‘linearize’ it, one sometimes looks at its residue class in v,(G)/v,41(G) =
gr,v(G). In our case, we will need to have a natural morphism from I',,, | (G) to
I, (G).

If U— G is an m-central extension then it is also n-central for every n = m. So
if V- G is a projective n-central extension there is a map f: V' — U such that the
diagram

Vv
pY
sl G
v’

commutes. By (2.5), v, (f) is unique, i.e. independent of f. Moreover, from (2.6)
we know that the image of v, (f), which is f(y,,(V)), is equal to v, (U). Taking
U - G to be a projective m-central extension, we get a map f:v,(V) =T,(G) -
I',.(G) = ~,,(U). We claim that, in fact, this map is canonical:

n

(7.2) ProposiTioN. There is a morphism of functors T, Zm, r, (n =2 m)
which, in the notation above, on v, (V) is f.

Proor. We must show that if U; — G is m-central projective, V; — G is n-cen-
tral projective, f,: V; - U, lifts id; and g, : V|, - V and g : U; — U also lift idg,
then the diagram

Y.V 5 v

f‘l lf
'Ym(Ul) ;17 'Ym(U)

commutes. This follows directly from (2.5) or by noting that both f- g;- and g, »
Sisend ¢y, (X, ..., x,) to cy(xy,. .., X,). u
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It is easily seen that the maps &, have the transitivity property
o7 o &1 = B fnzm=l

Thus we get a canonical filtration of I',(G) by the images in it of I',,,(G),
I, (G),...,I(G)2imT,,,(G) 2imT,,(G)2....

(7.3) LemMA. This filtration (henceforth ‘the canonical filtration’) is central,
i.e., each imT, , is normal in T, and imT, ./imT, .., is central in
I‘n/lm I‘n+k+1'

Proor. If U— G is a projective n-central extension then I',(G) = v,(U) and
im T, (G) is equal to v, (U), as seen above. Hence the lemma is clear. ®&

Thus the quotient
I.(G)/imT,, (G) = gr, I'(G)

is an abelian group and will be considered as an additive group.
What kind of filtration is the canonical filtration? It will be useful to have some

(7.4) Exampies. (1) If G is a free group we know that I',(G) = v,(G) and,
clearly, ®7, is the inclusion v,(G) € v,,(G) and gr,I'(G) = gr,, v(G). This exam-
ple will be used later to deduce properties of gr I' from those of grvy.

(2) If G is an abelian group then the map &7, :T',(G) — I',,(G) is the trivial map
(with image {1}) if » > m. (In particular, I',, (G) is abelian.) Indeed, let U~ G be
a projective m-central extension, with kernel N. Then N2 [U, U] as G is abelian
and thus [N,(m — U] 2 [[U,U],(m — YU] = v,,.1(U). But, by (1.2),
[N, (m — DHU] =1, 50 Y1 (U) = {1}. As T,(G) = y»(U) and imT,(G) =
v, (U), we see that imT',(G) = {1} for n > m.

This example has the following, extremely useful, generalization.

(7.5) ProposiTioN.  If G is nilpotent of class ¢ then for each n = 1 the canoni-
cal filtration of T,,(G) descends to {1} in c steps, i.e., imT,,.(G) = {1}. In par-
ticular, T, (G) is nilpotent of class c.

AsT,(G) - v,(G) is a central extension, I, (G) is, of course, abelian if n > c.
But even then, the canonical filtration may still be nontrivial.

Proor. The same as for G abelian. Let U — G be a projective n-central exten-
sion with kernel N. As y.,1(G) = {1}, N 2 y.4,(U) and [N,(n — HU] 2
Ynie(U). But, from (1.2), [N,(n — DU] = {1} 50 i (U) =im T, (G) = {1}.

n
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At the other extreme is the case that G is perfect, i.e., G = {G, G]. In this case
we will show that I',(G) — v,,(G) = G is the universal central extension and each
&7 is an isomorphism for n = m = 2, so that the canonical filtration is trivial.

We will need the following important property:

(7.6) ProposITION. Let U — G be an n-central extension and let ¢ (xy,. .. ,X,)
be the residue class in v,(U) /v, (U) of cy(x1,...,x,). Then ¢y is additive, i.e.,
for each i,

’

CulXis o s XiXi st 3Xn) =Cu(Xise s Xiye o 3 Xn) + C(Xy, o s Xl s e ooy X))

In particular, if U is projective then ¢, (x,,. . .,x,) was denoted by ¢(x;,...,x,)
and its residue class in v,(U)}/y,4+, (U) = gr,, T'(G) will be denoted {x,,...,x,}.
Then the proposition says that the function {x,,...,x,} is ‘multilinear’.

Proor. This can be proved directly, but we can use example (1) above to ‘re-
duce’ the proof to ‘known’ facts. If F'is a free group then I',(F) = v, (F) and, for
Viseo s Yn € F 1 y1,. .., ¥,} is simply the class in v, {F)}/v,., (F) of the commu-
tator [yy,...,¥n]. For ¥,/v,4, One knows that { y,,...,»,} is just the Lie prod-
uct of the classes {y;} € F/[F,F] = gr;v(F), so it is clear that {y,,...,y,} is a
multilinear function of its variables. If F'is a free group on letters y,,...,y;, ¥/,

.., V,, there is a homomorphism F EA G sending y; to x; and y/ to x/. This map
can be lifted to a map F % Uand it is easily seen that the induced map from
gr, T'(F) to v, (U)/ynr (U) takes {yy,..., ¥, 0/,...,y,) to Cylxi,...,x:x/,
.. .»X,). Since this map is additive and {y, ...,y ¥/ .- V) =V Vi o,
Yoy + iy, ..., ¥, ..., y,] we get the result that ¢, is also a multilinear function.

|

We now turn to perfect groups.

(7.7) LemMA. If G is a perfect group and U — G is an n-central extension then
v (U) is also perfect.

Proor. First we show that v, (U) = v,(U). From (7.6) we know that
Cy(xy,...,X,), as a function of x,, say (i.e., fixing x,,...,x,_;), is a homo-
morphism from G to the abelian group v,(U) /v, (U). But G is perfect, so
this map is trivial and so ¢y(x;,...,x,) =1 for all x;,...,x,. As the elements
[Culxi,...,X,)] generate v,(U)/ vy, (U), this group is trivial, i.e., v,(U) =
Ynr1(U).

Thus, to show that v,(U) = [yn(U),'y"(U)] it is enough to prove that every
(n + 1)-commutator [uy,...,uU41] € Ypet (U) is in [v,(U),v,(U)]. From (2.4)
we know that [u,...,u,,,] only depends on the images of the u,’s in G. As
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v2(G) = G there exists v € ¥,(U) whose image in G is the same as the image of
U, . But this means that

(ys oo sttnn] = [[ug, ..o u4,],0] € [10(U), v, (U)].

This completes the proof. |

(7.8) ProrosiTioN. Let G be a perfect group. Then (i) for every projective
n-central extension U — G, n = 2, the extension v,(U) — G is the universal cen-
tral extension. (ii) For every n = m = 2, the natural morphism ®7,:T,(G) -
T,.(G) is an isomorphism. In particular, gr,T{G) = 0 for every n = 1.

Proor. It is shown in Milnor’s book [9, p. 44] that a central extension V- G
is universal iff it is projective and V' is perfect. By (7.7), if U— G is n-central and
projective then vy, (U) is perfect. We know that v,(U) — G is a central extension
from (4.2). To show that v, (U) — G is projective let W — G be a central exten-
sion. Then it is also #n-central (n = 2) and a lift U - W of id exists. Its restric-
tion to v, (U) is a lift of idg from +,(U) to W. This proves (i). The extensions
I',(G)=7v,(U)-> G andT,,(G)— G are both universal central extensions and it is
easily checked that &7, is the unique isomorphism between them. This proves (ii).

u

8. Lie structure

Associated to the lower central series filtration is the graded abelian group
gry(G) = @,_, gr,v(G) and this group has a natural Lie algebra structure
(over Z). As T,(G) is an extension of vy,(G), there is an associated surjection
gr, I'(G) - gr, v(G) of abelian groups, so we would like gr I'(G) = @2, gr, T'(G)
to have a natural Lie structure too, which would render the map grI'(G) —
gr v(G) a morphism of Lie algebras, and so that everything will be functorial.

(8.1) THEOREM. (i) For n,m = 1 there is a unique map { , }:gr,T'(G) ®2
gt I'(G) - g0, T'(G) which, if m =1, sends {x;,...,x,} ® {y} to {x,...,
Xn,v}. This map satisfies the Jacobi identity {[a,b},c} = [{a,c},b] + {a,{b,c}],
so that grT with { , }is a Lie algebra.

(ii) This Lie structure is natural, i.e. { , }:grT' ® gr is a morphism of
Junctors.

(iii) The map gr T (G) — gr y(G) is a natural surjective Lie algebra morphism.

Proor. (i) The uniqueness of such a map is clear from the formula {{x,, ce
x,,},{y}] = {x1,...,Xx,,v}. To prove existence, let a € gr, I'(G), b € gr,,I'(G),
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let « €', (G) and B € T,,,(G) represent a, b, respectively, and let U- G, V- G
be projective n- and m-central extensions, respectively, such that a € v,(U), 8 €
Ym (V). We need to take the commutator of @ and 3. Let W — G be a projective
(n + m)-central extension. As U — G is also an (n# + m)-central extension, there
is a lifting f: W— U of idgs and, similarly, a lifting W — V. By (2.6), the induced
map v,(W) - v,(U) is surjective. But, in fact, more is true. If N is the kernel of
W— Gthen f([N,(n— 1)W]) = 1 and if f is the induced map W/[N,(n— 1)W]|->U
then, by (3.5) and the discussion in (4.1), it induces an isomorphism

Yo(W/[N,(n — DW]) = 7,(W)/[N,(n — hYW] 3 ,(U).

This means that not only is v, (W) — v,(U) surjective, but that the pre-image of
an element of v, (U) is unique modulo [N, (n — 1)W].

So let «; € v, (W) represent « and 8, € v,,(W) represent 3. By 2.1), {«y, 8]
is in v,4., (W). We define {a,b} to be the class of [«,,8;] modulo v, ms1 (W).
The proof that this is independent of all the choices made is a repeated applica-
tion of the identity

(*)  [xopz] =[xy nxz]] [xz2], (xy,z] = [»z][[z,¥],x] [x,2],

which was already used before. For example, let us prove that the choice of 3 does
not change the result. If 8’ € v,,,(V) is another representative for b then 8’ = 78,
where 7 € v,,4, (V). A pre-image 8/, for §’, in v,,(W) must equal 7,8, where
71 € [N,(m — DW] v, (W). Indeed, by our considerations above modulo
[N,(m — 1)W] there is a unique choice of pre-image for 7, and this choice is
in ypp (W). Write 7, = 7{-7{ with 7{ € [N,(n — )W], 7{ € Ym+1(W). Then

la,7181] = lay, 7] - [Tl,[a1,31]] ey, 841,

lay, 7] = [ay, 777 = [ag,7{] - [7{.[ey,7{ 1] - [a;, 7] ].

Clearly, [7(,[a1,81]] € [N, Ynem(W)] = {1}. From (2.1) and (1.2) it follows that
[ay,7{] = 1. Similarly, [7{,[a;,7{]] =1 and [a;,7{] € Ynems1 (W) by 2.1).
Summing up, we see that [«;,7,8;] = [a;,8;] modulo v,4.,+1 (V). This proves
that our definition of {a, b} is independent of one choice made. The rest of the
verifications are similar (and as tedious) and will be omitted.

It is easily verified that [{xl,. . .,x,,},{y}] ={x,....x,» ¥} if 2,...,2,,7 rep-
resent xi,...,X,,J, respectively, in W then, by our definition, {{x,, .. .,x,,},{y}}
is represented by [[xy,...,x,],y] whose class in gr,,, ['(G) is just {x|,...,X,,»}.

If { , }is to be a homomorphism from gr, I'(G) ® gr,, I'(G) we must prove
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that it is bilinear. Let us show, for example, that {¢ + a',b) = {a,b} + {2’ b}.
With U, V, W as above let o, a’ € v,(U), B € y,{V) be representatives of a,a’, b,
respectively, and a;,a{ € v, (W), B; € vm (W) representatives of «,a’, 8, respec-
tively. We have to prove that

{a-af,Bi] = [a,B1] - [af,8,Imod Ypime1 (W).

This follows, again, from (¥) for

[ay-af,B8] = [le/,ﬁl] [[61,01{],011] [og, B8]

and [[B1,a{],a1] € Yatm+1 (W) because n,m = 1, while [af,8;] and [ay,B]
commute modulo v, me1 (W).

To prove the Jacobi identity for { , } we use the following identity of Hail:
Given a group X and three elements x € v,(X), ¥ € yn(X), 2 € v/(X), then

([, »1,2] - [[32).x] - [[2,x],¥] =1 mod Ypymersr (X).

Let U-» G, V-G, W— G, Y-»G be projective n-, m-, I-, (n + m + 1)-central ex-
tensions, respectively. To compute something like {{a,b},c} with @ € gr, T'(G),
begr,,T(G), c € gr;T(G), we can proceed by taking representatives x € y,(U)
for a, y € v,,(V) for b and z = v,(W) for c and x; € v,(Y), )1 € yvm(Y), 2, €
v,(Y) that map is x, , z, respectively, under the maps Y- U, Y- V, Y —» W that
exist by projectivity. Then it is easy to sece that [{a,b},c} is represented by
[[x1,»],21]. Similarly, [{b,c},a} is represented by [[y;,2,]1x;] and {{c,a},b]
by [[z1,x],¥]. Thus the Jacobi identity clearly follows from Hall’s.

(ii) The naturality to be proved means that, for every homomorphism f: G — H,
the diagram

orT(G) ® grT'(G) 5 grT(G)

ng‘(f)®ng‘(f)l l gr (N

o T(H) ® grT'(H) 5 grT(H)

commutes, i.e., gr I'(f) is a homomorphism of Lie algebras. This is proved con-
veniently by a judicious choice of representatives. If a € gr, I'(G), b € gr,, ' (G)
and x € T,(G), y € I',(G) represent a, b, respectively, it is clear that I', () (x)
represents gr, I'(f)(a), etc., so the proof follows by a straightforward checking
of definitions.

(iii) This is also a simple follow-up of definitions. |
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9. Computation of grI"'(G)

The explicit computation of gr I'(G) is achieved through two results. The first
is the computation when G is abelian, the second is that the abelianization map
G — G, induces an isomorphism on grI'.

It will be useful to introduce the concept of ‘Lie algebra of a module’. If k is a
commutative ring and M is a k-module then

(9.1) DeriNtTION.  The Lie algebra of M (over k) is a morphism of s-modules
M — £(M), where £(M) is a k-Lie algebra, which is universal, i.e., if M — L is
a k-module map of M into a k-Lie algebra L then there is a unique map £(M) -
L, of k-Lie algebras, such that the diagram

£(M)
7
M\ i)
L

is commutative.

The existence of this construction is shown as follows. First, if M is a free mod-
ule we can take £ (M) to be the Lie-algebra generated by M = T, (M) in the ten-
sor algebra T(M) = ®_oT,(M), and the “identity” map as the map from M to
L(M). If M is not free, there is still a Lie algebra generated by M = T; (M) in
T(M), but to avoid possible complications we can do the following. Let 0 -» K —
E — M — 0 be a free presentation for M, i.e., the sequence is an exact sequence
of k-modules and E is a free k-module. In £(E) we identify E as £,(FE), i.e.
L(EYy=27, £,(E) where £,(F) = £(F) N T,(E). Then let I(K) be the Lie-
ideal generated, in £(E), by K C E. Clearly, I(K) is a graded ideal and I, (K) =
K, so (£(E)/I(K)), = M. This gives a k-module map from M to £(E)/I(K) and
we claim that this arrow has the properties required of the arrow M —» £(M). We
leave the easy verification to the reader. Note that one can prove directly, using
the ‘Schanuel lemma’, that the correspondence M — £(E)/I(K) is independent of
the presentation and is actually functorial.

In the case of interest to us, & = Z and the module is a finitely generated abelian
group G. if G=Z/mZ X --- X Z/m,Z then it is clear the £{G) is the free Lie al-
gebra on r-generators, say b;,...,b,, subject only to the relations m; b, =
0,...,mb, =0.

(9.2) TueoreM. If G is a finitely generated abelian group then gr T'(G) = £(G)
as graded Lie algebras.
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ProOOF. As gry I'(G) generates gr I'(G) by (7.1), the ‘identity’ map £,(G) =
G — gr I'(G) extends to a Lie algebra surjection £(G) — gr I'(G), and this map
is of course graded. We will show that it is an isomorphism by exhibiting, for each
n = 1, a homomorphism gr, I'(G) — £,(G) which is left inverse to £, — gr, .
This would clearly suffice. To define it, we recall the definition of I',, and gr, I in
terms of a free presentation.

Let 1 = R—> F— G — 1 be such. Then gr,I'(G) = v,(F)/vp,41(F)- [R,(n -
1)F]. We know that @ 7, v,(F)/vn+1 (F) = gr y(F) is a free Lie algebra and is,
in fact, £(F,,); see Serre’s book [15, p. 4.10]. Thus there is a surjection of graded
Lie algebras gr vy (F) — £(G). It will be convenient to use the presentation F— G
where, if G = Z/m\Z X ---x Z/m,Z, then F is free on r generators e, ...,e,
each mapping to a generator of the corresponding factor of G. Then R is gener-
ated by [F,F] U {e{™,...,e/"}. We will show now that the map gr,vy(F) —
£,(G) just constructed vanishes on [R,(n — 1)F| -y, (F)/yn41(F). Let us de-
note by {x,...,Xx,}r the class in gr, v (F) of the commutator [x;,...,x,]. Itis
known (and discussed above, sce §7 and §8) that {... }r is multilinear and the
value of {xy,...,x,} only depends on the classes of the x;’s in F;,. Clearly,
[R,(n — DF] vny1(F)/yny1(F) is generated by the elements {xi, .. .,x,}r with
X, € R. If x; € [EF] then {x,...,X,] € vo01(F) and {x;,...,x,}r = 0. If
Xy =ef" then {x,...,X,}r = m;-[€;,X2,...,X%,}F and we need to show that the
map gr,y(F)— £, (G) vanishes on m;{e;,x,, . . .,x,}r. If X € G denotes the image
of x € F we need to show that the n-fold Lie product [[ - - - [&;,%,,],%3] - - -, %,]
in £,(G) is annihilated by m;. But this is true as &; is a generator of the j-th fac-
tor, Z/m;Z, of G, and thus of order m;. This proves that there exists a homomor-
phism gr, I'(G) — £,(G) which is onto and which takes {y,,...,y,} € gr,T'(G)
to the n-fold Lie product [ - - - [y}, )21, -+, 7] in £,(G). Since these n-fold Lie
products generate £,(G) (as an abelian group) we see that the composition
L£,.(G) - gr, T'(G) - £,(G) is the identity, because it is the identity on the set of
these n-fold products.

This completes the proof. |

(9.3) THEOREM. If G is a finitely generated group then the abelianization map
G — G, induces an isomorphism grI'(G) — grI'(G,p).

Proor. As G — G, is onto and grI'(G,,;) is generated by gr, I'(G,;), we
see that grI'(G) — grI'(G,,) is onto. To construct a Lie algebra map in the
opposite direction, note that gr, I'(G) is also G,, so the module map £,(G,;) =
G A, Gp=2gr, T'(G) CgrT'(G) extends to a Lie algebra map £(G,,) = grI'(G).
It is easy to see that the composition gr I'(G) — grI'(G,,) = £(G,) — gr T'(G)
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takes [xy,...,x,] € gr,T'(G) to itself. Thus it is the identity, and the theorem is
proved. n

10. Applications

We know, from (7.5), that if G is a nilpotent group of nilpotence ¢ then for every
n = 1 the canonical filtration of T',,(G) ends in {1}, after at most ¢ steps. Thus if
G is finite we see that |T',(G)| divides the product |gr,T'(G)| - |gr,+ T'(G)] - - -
|8Cn+c_1 T'{G)|- Similarly, when G is not finite, if we want to estimate the rank of
T, (G) (i.e., the number 232, dimg (Q ® v;(T.(G))/v;+1(T-(G)))) then we can
say that

c—1
rank I',(G) < Y] rank(gr,,; T'(G)).
j=0

The groups gr,, I'(G) we ‘know’ quite well: gr,,I'(G) = £,,(G,;) by Theorem
(9.2). Following the notation of [15], if Ly is the free Lie algebra (over Z) on a set
X of cardinality d then the group of elements of degree m in L is a free abelian
group of rank /;(m) and there is a wonderful formula for /,(n):

Li(n) = i >, u(mydmm (u(m) is the Mébius function).

min
Let us start with the rank estimation.

(10.1) ProposiTiON.  Let G be a nilpotent group of class ¢ and let rank(G,,) =
d. Then for every n = 1, rank(T,(G)) < l;(n) + lz(n+ 1) + - -+ lz(n +c —1).

Proor. The canonical filtration of T',(G) is
I,(G) >imT,(G) D---2imT,,.(G) = {1}.

Each quotient in this sequence is a homomorphic image of the corresponding
gr. I'(G). So its rank is dominated by the rank of the corresponding gr.T'(G).
The rank of gr,, I'(G) is precisely /,(m), which proves the result. [ |

The case n = 2 is of interest. Then we have the exact sequence
0- H)(G,Z) > T,(G) - v, (G) » L.
This gives the

(10.2) CoroLrary. If G is nilpotent of class ¢ and rank(G,,) = d then
rank(Hy(G)) < ;(2) + -+ I,(c + 1) — rank(y2(G)). n
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This result is ‘best possible’ in the sense that it is an equality for free nilpotent
groups, i.e., if G = F/y.{(F) with F free.
For example, if G is nilpotent of class 2, we get

rank(H,(G)) < % (d?>—-d)+ % (d® — d) — rank(G’).
This is a new kind of estimate and being ‘best possible’ should be useful.

We now turn to estimating the order of I',(G) when G is a finite nilpotent
group. We denote by X\, (G) the order of £,(G,,). It is possible to write explicit
formulas for A,(G) in terms of the function /;(m), but these formulas are in-
volved and we will settle for a numerical example below. As mentioned in the in-
troduction, the variation of these functions (relative to G) may be of interest. The

result is

(10.3) ProposiTion. If G is a finite nilpotent group of class c then, for every
n = 1, |T,(G)| divides the product \,(G) N, 11 (G) - - Npie1(G). [ |

As before, the case n = 2 is of special interest. The result is that | H,(G,Z)| di-
vides Ny (G) -+ - A1 (G)/|G7|.

Let us write out this result in the case ¢ = 2. Say G is a p-group such that G,
is of order p? and G” is of order p®. It can be proved (by a somewhat involved in-
duction) that of all abelian groups H of order p“,| £, (H)| is maximal when H is
elementary abelian. Hence we can estimate \,(G) by p%«"”. Then our result is:
| H,(G)| divides p'a@+®=b But [,(2) = 1 (a® - a), 1,(3) = } (a’—a), so

|H,(G)| divides plai-a/ze@-a/3-b,
This can be compared to the estimate (assuming G’ = Z(G))

|H(G)| < |G| |Hy(Go)|  (see [5])

Spb(a—l)+a(a—1)/2.

We see that the dependence on b, for example, is quite different in the two kinds
of estimates.

PosTSCRIPT.  After this paper was submitted for publication, I learnt of the in-
teresting paper [4] by Blackburn and Evens, in which bounds on the number of
generators of H,(G, Z) which are similar to those of (10.3) (in the sense that the
‘Witt numbers’ /,(n) occur in them) are obtained. They also show that their
bounds are best possible. But it seems that their results do not cover ours and that
the Lie algebra approach of this paper is quite different from theirs.
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